The nerve fiber layer of the human retina is made up of the retinal segments of ganglion cell axons. Its geometry can be described mathematically as a fibration of a 2D domain: a partition of a certain region into smooth curves. Here, we present a simple family of curves that closely models the observed geometry of the nerve fiber layer. For each retina, the pattern depends on 2 parameters, A and B: A computer program determines A and B for a given retina and the theory matches the retina with a standard deviation of Ϸ6 -8°. These particular curves turn out to be the curves that would be generated if the growing ganglion cell axon tip moved down a gradient toward a source of diffusible neuroattractant at the disk and away from a weaker macular diffusible repellant. Thus, this model provides morphological evidence that diffusible substances provide positional information to the embryonic ganglion cell axons in finding their way to the optic nerve head.
Y Macula-avoiding. The ganglion cells are displaced radially from the macula and their axons radiate from the macula, so that no axons cross over the macula. Y Horizontal raphe. The direction of nerve fiber varies continuously throughout the retina except along the horizontal raphe, the ray originating at the macula directed away from the nerve. No fibers cross the raphe, which is a sort of part or watershed in the retinal fibration. Axons just superior to the raphe are directed superiorly, while neighboring fiber just inferior abruptly take the opposite direction. Y Noncrossing. When axons from distal cells pass over proximal fibers, they follow the same path as the more proximal fibers, but on a more inner retinal layer. Thus, the fibers passing over any point determine a unique direction (excluding, of course, the macula and horizontal raphe-the two areas without overlying fibers). Vogt's article (1) overlooked this noncrossing feature.
Any theory of retinal pathfinding by embryonic ganglion cell axons should account for the three features detailed above. Crick (4) made plausible the proposal of Ramon y Cajal (5) that positional information in embryology is specified by gradients of ''morphogens,'' diffusible substances acting as attractants or repellants-in this case, for the growing ganglion cell tip, the growth cone. Because these factors are diffusible, near equilibrium this potential function will be harmonic, i.e., the concentration of morphogens at any point will equal the average at surrounding points. Let us assume, for the moment, that all such morphogens act independently (for example, by modulating the activity of some common receptor) without interaction terms and without competition between different axons. One of the reviewers kindly called our attention to an example of such behavior for the retinotectal map (6) . Then, the overall effect can be encapsulated in one potential function defined throughout the retina, with the axon growing in the direction of the potential's steepest gradient. The location of the optic disk would be signaled by placing a strong neuroattractant source there. Such a theory readily accounts for noncrossing, which is further reinforced because distal axons follow the course of earlier pathfinders, whereas macula avoidance results by postulating a weaker repelling morphogen at the macula. The horizontal raphe would then represent the ridge that is thereby created by an unbalanced dipole of morphogens (Fig. 1B) . Thus, the three qualitative features of the NFL emerge from features of the morphogen gradients. An alternative mechanism, which we also explore, is to place a streak of neurorepellant along the initial segment of the raphe. The purpose of this article is 2-fold. First, we present a family of planar curves with a simple mathematical character and we demonstrate that they closely match the course of nerve fibers observed in retinal photography. Second, we propose a mechanism that explains the pattern seen.
We define our family of curves in terms of a coordinate system on the plane (the photographic image of the retina) but, of course, every such curve in the plane corresponds to a curve in the retina. Formally, if m represents a stereographic, conformal map from the curved, posterior retina to the flat photographic plate then a function F on the photo corresponds to the function G ϭ F ⅙ m on the retina and conversely (F ϭ G ⅙ m Ϫ1 ). The crucial point is that harmonic functions remain harmonic under this correspondence. It becomes convenient, then, to define functions on the photo, whose data are readily accessible, and then transfer them back to the retina. Thus, we will overlay a Euclidean coordinate system onto the retinal photo, with the origin N at (0, 0) placed within the optic nerve head, and a macular point M at (1, 0). For an arbitrary point P ϭ (x, y) in the plane, let ␣(P) be the angle at N between the x axis and the point P and ␤(P) the corresponding angle at M (Fig. 1C) . Then, the coordinate functions x and y and the functions ␣ and ␤ are all harmonic, and so they all correspond to harmonic functions on the retina. If we fix positive numbers A and B, then the function ⌿ ϭ ␣ Ϫ A␤ ϩ By will be harmonic. The equation
produces a curve that represents the course of a single nerve fiber. As the constant varies, a collection of curves fibrates the plane in a manner that closely models the nerve fiber pattern on the retinal photo (Fig. 2) . Why was this particular function, ⌿, chosen? Matching Theory with Data gives the empirical justification, whereas Theoretical Model of the Nerve Fiber Layer (NFL) derives this particular function, ⌿, from the assumption that diffusible morphogens at the disk, macula and periphery set up a gradient field, which directs the axon growth cone. We must exclude the optic nerve head, the perimacular region and the peripheral retina from consideration in modeling the NFL. These three areas represent the boundary zones of the NFL. We will first describe a method of gathering data encapsulating the direction of nerve fibers over broad regions of the ordinary retina into certain matrices. Then, for each retina, we search for the best values of the two parameters, A and B. Figs. 3 and 4 show graphically the extent to which these two numbers encapsulate the geometric pattern of the NFL. The model curves are contour lines of a harmonic function.
Our second goal is in a more theoretical vein: These curves are precisely what would be generated if the growing axon tip moved along a gradient toward a source of diffusible neuroattractant at the optic disk and away from a weaker macular neurorepellant. The parameters A and B, which specify the fibration for a particular retina, then acquire simple interpretations: A represents the ratio of strength between the nerve and macular factors, and B the strength of a linear, temporal-to-nasal gradient. This viewpoint permits the flexible construction of alternative 2D flows by altering the placement of sources and sinks. We explore this with a model in which the macular morphogen extends in a linear streak along the initial segment of the horizontal raphe. In both models, the curves are contour lines of harmonic functions. We will discuss the distinctive geometric features present in all fibrations derived in this way from harmonic functions.
Results
Retinal Nerve Fiber Layer (NFL) Data. The retinal Photoshop image is standardized by a rotation making the line from nerve to macula horizontal, with the nerve to the left, and a coordinate grid is overlaid. Each lattice point is inspected and, if the direction of the nerve fiber layer is visible, that lattice point is marked by a small tangent line segment originating there, and the direction of the tangent is recorded in degrees between 0°a nd 180°but excluding 0°. Because of this standardization to a value in the 0-180°range, the tangent segment sometimes points in the direction of nerve growth from macula to nerve and sometimes against this direction. The entire collection of NFL angle data can be summarized in a matrix, where position in the matrix corresponds to location on the retinal lattice. Because the NFL cannot be easily visualized, the entry, zero, is used as a place holder for points over the disk, macula or raphe, or other points where the NFL direction cannot be readily ascertained. The matrix L consists of mesh points with odd coordinates, whereas K is a finer lattice where both coordinates are of equal parity. In general, lattice size is chosen so as to obtain Ϸ40-60 data points over a broad area of the retina, because larger numbers will lead to protracted computation times in calculating the parameters A and B (Ͼ1 hour) without significantly different results.
Matching Theory with Data. Information about the direction of the nerve fiber layer has been encoded in the 10 ϫ 20 data matrix L (or in the larger 25 ϫ 25 matrix K). Recall that all entries are given in degrees ranging from 0°to 180°, but that a 0°entry represents a nonmeasurable point. The directions predicted at lattice points are given by a corresponding matrix S, consisting of the directional data calculated using the contours of the function ⌿ ϭ ␣ Ϫ A␤ ϩ By. Of course, entries in S are mathematical expressions depending on the parameters A and B.
Values for A and B are then chosen by minimizing a particular target function: The mean square difference between the nonzero entries of L and S. The computer draws a graphic display of the theoretical NFL and provides parameters, which specify where to position this graphic over the retinal photo for an optimal match. The fit between L and S will, of course, depend crucially on this positioning process. Curiously enough, the best data fit consistently occurs not at the exact center of the nerve but at a point along the horizontal diameter Ϸ2/3 of the way nasally. This may plausibly be because many more nerves fibers enter the optic canal from a temporal direction than nasally, thus resculpting the nerve. It is also notable that the macular source, representing the ''center of gravity'' of the macular morphogen appears displaced Ϸ1/3 of a disk diameter from the adult anatomic macula. The positioning of the macular source is one factor suggesting a ''streak'' model of the macular source, discussed below. It may represent a difference in growth rate between macula and ordinary retina or subsequent migration of ganglion cells (7), because the macula is subject to extensive embryologic rescuplting (8) . Further comments on implementation and the Mathematica pseudocode are in SI Appendix.
The results in Table 1 show that A and B can be selected so as to reduce the average discrepancies between theory and measurement to Ϸ4-7°with a standard deviation between 5°and 10°. Sources of error in matching equations to data include difficulties in the precise measurement of angles and variability in fixation during photography (thus inducing a small Moebius transformation of the retinal image). A and B remain essentially stable to Ϸ0.03 when the dataset L is expanded to the larger matrix K. Figs. 3 and 4 display the computer-generated theoretical curves overlaid on the retinal photos, showing the high level of match between theory and data, across the entire retina. Thus, the entire geometry of the NFL is largely captured in the two numbers A and B.
Discussion Theoretical Model of the Nerve Fiber Layer (NFL).
We propose a theoretical model to explain why NFL axons course along the contour lines of the function ⌿ ϭ ␣ Ϫ A␤ ϩ By. We make full use of the theorist's privilege of making simplifying assumptions:
Y Morphogens are presumed to be confined to the retina with little leakage into vitreous or choroid. Y Axons are assumed to grow after the morphogens have reached diffusional equilibrium. Mathematical models for biological systems are necessarily oversimplifications, but they can provide a conceptual framework to isolate important features of the system. Axon guidance morphogens have been ably reviewed in refs. 9 and 10 and are too complex and varied to permit more than a very brief and incomplete listing here. Chondroitin sulfate proteoglycans, concentrated in a ring in the peripheral retina appear to direct axons toward the central retina (11) . The axon guidance molecule, Netrin-1, an axon guidance molecule, draws axons toward the optic nerve head (12) . The axon's response to netrins may be attractive or repulsive, depending on regulatory modulation of cAMP levels (13) . Complementary ventral-dorsal gradients (corresponding to the mature nasal-temporal axis) of EphB and B ephrin have been identified with pathfinding errors in mutant mice (14) . Macular ephrins appear to play a role in macular avoidance in primates (15) . The common feature of these proposals is that the morphogens are generated in three anatomically distinctive regions-the retinal periphery, the optic disk and the perimacular area-and that morphogens influence axons in the remainder of the retina through their gradients. Our methods aim to describe the axon path under the influence of morphogens in diffusional equilibrium. Over a patch of actively secreting cells, morphogen activity need not be harmonic. Our approach is only likely to be useful in a region away from sources, sinks, and distinctive anatomic landmarks.
We intend to define a harmonic function, ⌽, to represent morphogen activity, the positional information available to the pathfinding ganglion cell axon, which will move down the steepest gradient of ⌽. Thus, the course of the nerve fiber will be the constant contour curves of ⌿, the harmonic conjugate of ⌽. Take, then, a Euclidean plane and, as in the introduction, let N ϭ (0, 0) to represent the source of morphogen at the nerve, while M ϭ (1, 0) and represents a macular point source. Let dist(P, Q) represent the Euclidean distance from P to Q. A harmonic point source centered at some point Q will be given at point P ϭ (x, y) by the natural logarithm ln(dist (Q, (x, y)) ). Thus, the potential function ⌽ at (x, y) is given by Table 1 
for Retina 1 (A), Retina 2 (B), Retina 3 (C), Retina 4 (D).
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Retinal photos with lattice K of and corresponding theoretical contour plots, calculated from K data for Retina5 (A), Retina6 (B), Retina7 (C), and Retina6 and lattice K (D), now showing theoretical overlay for streak potential using parameters in Table 2 . 
where A is the ratio of strength between the nerve and macular factors, so that A is a real number between 0 and 1, and B is another real parameter. ⌽ is the real part of a complex holomorphic function whose imaginary part is the harmonic conjugate, ⌿ ϭ ␣ Ϫ A␤ ϩ By, where, as in the introduction, ␣ is the angle at N between the x axis and the point P, and ␤ is the corresponding angle at M (Fig. 1C) . Thus, the equation of a nerve fiber assumes the empirically observed form, ␣ Ϫ A␤ ϩ By ϭ Constant. Of course, this argument is only applicable in the portion of the retina where morphogen activity is assumed harmonic, away from sources and sinks. Therefore, we restrict the domain of the function ⌿ to a region R that excludes the nerve, macula and periphery. R consists of all points within a sufficiently large circle about the origin from which we have excised a small circle about the origin, N and about the point M, so that R is topologically a ''pair of pants'' with its conformal structure. As noted in the introduction, this region R can be conformally identified with the relevant region of the globe of the eye. Region R represents the NFL, excluding only its boundary zones. R is, then, the domain within which we suppose the potential ⌽ to be harmonic. In effect, this is a Dirichlet potential problem: the harmonic function ⌽ is constructed from certain boundary values, and the contour lines of its harmonic conjugate, ⌿ will represent the gradient lines of ⌽.
Harmonic Fibrations in General. It is natural to explore the more general fibrations that arise when we alter the distribution of morphogen sources and sinks, to achieve a better fit and to extend the theory to other tissues. The nerve fibers in the retinas of raptor birds, for example, which have 2 foveae (16), could provide a good test. Imagine, then, that we are given a sufficiently differentiable fibration of our region R. There is no local obstruction to constructing a (non-harmonic) potential with the same flow lines. Locally, the orthogonals to the fibration can simply be integrated to form a new fibration, crisscrossing the original fibration (this procedure requires Frobenius integrability in higher dimensions). However, suppose we are challenged to produce a harmonic function, ⌿, whose contour lines match the given fibration. There may not be any solution, even locally: There is a geometric criterion that must be met at each point to permit a harmonic ⌿ to exist-the convergence-curvature criterion. Choose a point P on fiber p: the curvature of p at P is just the reciprocal of the distance to the center of an osculating circle at P. The convergence of nerve fibers at P is the dual concept: It is the curvature of the orthogonal fibration at P. More concretely, this is the reciprocal of the distance to the focal point of the tangents to the neighboring fibers near P. In general, the rate of change of the curvature at P with respect to distance along p and the rate of change of convergence at P with respect to distance orthogonal to p are independent quantities. The convergence-curvature criterion (17, 18) characterizes fibrations, which can be contour lines of a harmonic function. Such fibrations must have the rate of change of curvature equal to the rate of change of curvature at all points. No matter how one rearranges sources and sinks on the boundary, a harmonic function ⌿ exists whose contours fit a given fibration only if this criterion holds; and, if it holds, a harmonic potential ⌽ exists whose gradient lines match the given fibration. The close match between the NFL and contour lines of a harmonic function ⌿, thus supports the notion that morphogen gradients direct the axonal growth cone. Let us rearrange the macular sources. Our unbalanced dipole model for the NFL postulates two point sources where the potential goes to infinity, rather than patches of cell of finite potency. Although it achieves a serviceable model of the geometry of the NFL (Figs. 2-4) in most of the retina, there remains an area of significant mismatch-the area along the horizontal raphe. Here, the theoretical curves converge abruptly to one point. This suggests an alternate model in which the macular morphogen is spread along a streak-a line segment inside the raphe itself, starting at the macula. This fits with anatomic studies of ganglion cell distribution (19) , which demonstrate a (weakly developed) horizontal visual streak in humans.
There will now be 3 parameters: s, the length of the segment; N, the relative strength of the streak morphogen; and C, the strength of a peripheral linear influence. Table 2 lists the results. C is quite negligible in this model, and we also list the results obtained without it. Fig. 5 gives a direct comparison of dipole and streak fibrations along the raphe. The two fibrations are asymptotic to each other away from the macula. There are a limitless variety of ever more elaborate harmonic functions one could try, but, as the number of parameters increases, they very quickly become computationally intractable, because the minimization heuristics tend to settle onto some poor, local minimum.
Prospects. We consider the fibration equation, ␣ Ϫ A␤ ϩ By ϭ Constant, a serviceable description of the NFL geometry. The parameters A and B condense a great deal of information about where retinal nerve fibers enter the optic nerve head. There are significant diseases of the human optic nerve head, such as anterior ischemic optic neuropathy and glaucoma. Even quite crude anatomic measures of nerve head structure have been shown to influence susceptibility to these diseases (20) . Larger values of the A parameter would lead to a greater crowding of nerve fibers at the optic disk poles, which are areas of high susceptibility to glaucomatous damage. A better understanding of the guidance mechanisms in the NFL would advance the understanding of instances of failed guidance, leading to optic nerve hypolasia (21) . The correlation of A and B with optic nerve head diseases should be investigated.
